A procedure based on quantum molecular similarity measures ͑QMSM͒ has been used to compare electron densities obtained from conventional ab initio and density functional methodologies at their respective optimized geometries. This method has been applied to a series of small molecules which have experimentally known properties and molecular bonds of diverse degrees of ionicity and covalency. Results show that in most cases the electron densities obtained from density functional methodologies are of a similar quality than post-Hartree-Fock generalized densities. For molecules where Hartree-Fock methodology yields erroneous results, the density functional methodology is shown to yield usually more accurate densities than those provided by the second order Mo "ller-Plesset perturbation theory. © 1996 American Institute of Physics. ͓S0021-9606͑96͒02502-4͔
I. INTRODUCTION
The first-order density distribution, ͑r 1 ͒, of a given electronic state is expressed in terms of its wave function ⌿ according to 1 ͑r 1 ͒ϭN ͵ ••• ͵ ͉͑x 1 ,x 2 ,...,x N ͉͒ 2 ds 1 dx 2 ...dx N .
͑1͒
The density function in Eq. ͑1͒ is a physical observable upon which other molecular properties, directly or indirectly, depend. For instance, the Hohenberg-Kohn theorem, 2 which is the basis of modern density functional theory ͑DFT͒, 3 shows that the energy of the ground state can be expressed as a functional of the electron density. Not only the energy, but also any molecular property of the ground state depending of a one-electron operator can be expressed in terms of the oneelectron density. Given that the density function is an observable, any theoretical method in the exact limit should reproduce the same density function, and therefore the same molecular properties. Since it is much easier to deal with the first-order electron density, which depends upon three spatial variables only, than with the multivariate wave function, a detailed comparison of different methodologies is usually carried out by making a systematic study of the electron density differences obtained from the methods being compared. 4 The main goal pursued when comparing electron densities from different DFT methodologies is to discover the disadvantages and benefits of the different available density functionals, in order to assist researchers to build more accurate functionals. Moreover, these studies can also help to understand the successes and failures of DFT in the study of some chemical interactions, 5 and also to shed light on how nonlocal corrections may influence the calculated electron density. The literature results demonstrate that DFT ͑r 1 ͒ con-structed from SCF-converged Kohn-Sham orbitals is usually more adequate than HF ͑r 1 ͒ obtained from ordinary Hartree-Fock ͑HF͒ theory. 3͑b͒,4͑a͒,4͑b͒ The fact that DFT ͑r 1 ͒ yields in general a more accurate electronic distribution than HF ͑r 1 ͒ is also reflected in the significant improvement over Hartree-Fock calculations of molecular properties like equilibrium geometries, dipole moments, and harmonic vibrational frequencies. 3, 6, 7 Also, bond dissociation energies, reaction energies and proton affinities are of the same quality as those obtained from post-Hartree-Fock methods if they are computed including nonlocal corrections in the functional. 7, 8 In most cases DFT offers a promising alternative to Hartree-Fock and post-Hartree-Fock methods. This is especially true for molecules where Hartree-Fock performance is very poor, and as a consequence, most correlated methods which use the singledeterminant Hartree-Fock wave function as the reference configuration do not reproduce the correct electronic distributions. 4͑a͒,9 In this paper we report an analysis of electron density distributions obtained from different methodologies by means of quantum molecular similarity measures ͑QMSM͒. The definition used in this work for the QMSM between two molecules ͕I,J͖ with electron densities I ͑r͒ and J ͑r͒ is given by the integral 10 Z IJ ͑⍜͒ϭ ͵ ͵ I ͑r 1 ͒⌰͑r 1 ,r 2 ͒ J ͑r 2 ͒dr 1 dr 2 , ͑2͒ Likewise, the repulsionlike similarity is given by
More general definitions than that those of Eq. ͑2͒ based on nth-order density matrices and many-electron ⍜ operators have also been proposed, 11 although to date most applications 12 use Eqs. ͑3͒ and ͑4͒ in order to compute the similarity between two molecular electron distributions.
Once the QMSM has been calculated it is possible to define an euclidean distance between the molecular electronic distributions I ͑r͒ and J ͑r͒ as 10
From definition of Eq. ͑5͒ it is found that the following equality, d IJ ϭd JI , holds since Z IJ ϭZ JI . The value of the distance given by Eq. ͑5͒ depends on the relative spatial orientation of molecular electron distributions I ͑r͒ and J ͑r͒; in this manner, their mutual orientation has to be optimized in order to maximize Z IJ , which is equivalent to minimize the d IJ value. A final optimized zero distance means that electron densities of electronic distributions I ͑r͒ and J ͑r͒ are completely equivalent, whereas a large value of the distance implies the existence of significant dissimilarities in the two electron density distributions.
To our knowledge, so far comparisons between density distributions have been performed by analyzing density difference contours only at a fixed geometry for all levels of theory, 4͑a͒,4͑b͒ and then reflecting only those changes explicitly due to electronic relaxation. The main interest in using QMSM instead of depicting electron density differences between density distributions I ͑r͒ and J ͑r͒, is the fact that with this methodology the analysis can be performed at any desired geometry, and in particular at the optimized geometry corresponding to each methodology employed, thus accounting for both nuclear and electronic relaxation. Therefore, the procedure presented here is deemed to be an extension to the standard analysis of the electron density difference maps.
In this work, comparison of electron densities obtained from different methodologies is carried out by means of QMSM in several small molecules with experimentally determined molecular properties and molecular bonds of various degrees of ionicity and covalency. The analysis performed here aims mainly to compare the electron densities obtained from two density functional formalisms and those obtained from Hartree-Fock and correlated ab initio methods, but obviously it can be used to compare any kind of methodologies from which an electron density distribution can be derived.
II. COMPUTATIONAL DETAILS
To minimize basis set effects, which may produce relevant QMSM differences, 13 the 6-311ϩϩG** basis set 14 was used throughout. Geometry optimization of all systems presented in this work was done using the Schlegel method. 15 The GAUSSIAN-92 16 program was used to perform standard 17 Hartree-Fock ͑HF͒, second order Mo "ller-Plesset ͑MP2͒, singles and doubles quadratic configuration interaction ͑QCISD͒, 18 and density functional ͑DFT͒ calculations. 3 Open-shell systems were studied within the unrestricted formalism. In DFT calculations, two different levels of theory were employed: the local ͑LDA͒ and nonlocal ͑NLDA͒ approximations. At the LDA level, the parametrization due to Vosko-Wilk-Nusair ͑VWN͒ 19 was used. The more sophisticated NLDA level includes the Perdew's 20 nonlocal correlation correction and the Becke's 21 nonlocal exchange correction ͑BP86͒. The grid used for numerical integration in DFT calculations was the most dense allowed by the program ͑keyword IntϭFineGrid͒.
QMSM were obtained from the GAUSSIAN-92 electron densities using the MESSEM program. 22 For MP2 and QCISD calculations, generalized densities 23 were used. Likewise, the DFT electron densities were calculated from SCF-converged Kohn-Sham orbitals. All QMSM were overlaplike and were obtained through use of Eq. ͑3͒. In a previous study, 24 we showed that overlap measures are more scattered over a range of values larger than repulsion similarities are, and consequently they are more suitable to quantify small changes in electron density distributions. However, the process of maximizing the similarity was carried out using repulsionlike similarity measures as defined by Eq. ͑4͒. The reason is due to the fact that the presence of the Coulomb operator smoothes the electron density surface and reduces the cusps of electron density at nuclei, making the process of optimization easier since gradient components are smaller. 12͑c͒ An approximate density instead of the exact density was used in order to eliminate the need to evaluate costly four-index integrals as found in Eqs. ͑3͒ and ͑4͒. Details of this methodology have been given elsewhere. 12͑c͒, 25 The fitting technique used in this work was the so-called PSA method. 25 In this particular case, the set of fitting functions was chosen to be the same that the squared molecular s-type renormalized primitive functions. The validity of such approximation can be assessed from the values of Table I, where euclidean distances among Hartree-Fock, VWN, BP86, MP2, and QCISD methods in formaldehyde were computed using exact and fitted densities at the Hartree-Fock optimized geometry. From the values of this table, it can be seen that small differences ͑usually ranging between 10 Ϫ2 and 10 Ϫ3 a.u.͒ appear when the exact density is substituted by a fitted density, thus supporting the accuracy of this procedure. Remarkably, the same ordering found with exact QMSM is obtained using the QMSM computed with a fitted density, even when relative differences between distances are quite small. Bader topological analyses 26 were performed through use of ELECTRA program. 27 All calculations were run on IBM RISC/6000 350 workstations.
III. RESULTS AND DISCUSSION
We shall begin our discussion by considering the euclidean distance matrices corresponding to the 21 investigated molecules. After that, a series of three diatomic molecules with different bonding character is carefully examined: We discuss the nuclear and electronic relaxation effects on euclidean distances and contours of electron density differences are depicted, and then, Bader analyses of the electron density of these three molecules at the different levels of theory considered are carried out.
A. Euclidean distance matrices
The 21 studied molecules are atomic combinations of the first and second row atoms of the Periodic Table. For each molecule, the Euclidean distance matrix, together with the computed and experimental geometric parameters are collected in Table II. For the NO and CO molecules, Table II includes the computed and experimental dipole moment.
As commented in the Introduction, the distance between two methodologies over the same molecule is directly related to the dissimilarity between the electronic distributions computed with the two compared methodologies: the larger the distance, the larger the difference in these two electron densities. Therefore, the values of the distance yield a quantitative measure of how similar are two methodologies applied to the molecule under study. Thus it is possible to compare different methodologies, which is the main purpose of the present paper. Unless otherwise noted, here the QCISD generalized density is taken as the reference density, since it is expected to be the closest to the exact density distribution. Therefore, the larger the distance to the QCISD method resulting density, the less accurate can be considered the electron density computed with the method under study.
It is found that, in general, when a system is correctly described at the Hartree-Fock level, the MP2 generalized density is closer to the QCISD density than the density obtained from the DFT methodologies. Molecules like H 2 , LiH, CH 4 , NH 3 , H 2 O, and HF can be included in this group. For these systems, the MP2 method seems to be more appropriate than the two tested DFT methodologies. Furthermore, it is also found that MP2 and QCISD geometrical parameters are closer to the experimental values than DFT are. Since a number of organic systems are well described at the Hartree-Fock level, it is reasonable to conclude that MP2 is superior to DFT in these cases.
On the other hand, in most systems where Hartree-Fock fails ͑large dissimilarity between Hartree-Fock and QCISD͒, the VWN and BP86 densities are closer to QCISD than MP2 is. This occurs basically in the FOOF molecule, where correlation energy is of utmost importance. 28, 29 To a lesser extent it also happens in N 2 , CO, HCN, NO, and O 2 molecules. Thus, when correlation energy becomes essential and the Hartree-Fock density is defective, one gets in most molecules better densities from DFT methodologies than from MP2. In these systems, DFT geometrical parameters are closer to experimental values and QCISD geometries than MP2 geometries are. Unfortunately, this result is not general for all systems. For instance, the cis and trans-FNNF molecules have both inaccurate Hartree-Fock and BP86 densities despite correlation energy is imperative. 29 It is worth mentioning that, in these cases, both MP2 and VWN densities are quite close to the QCISD density. Thus, for these two molecules BP86 nonlocal corrections to the LDA density are quite unsatisfactory.
A particular case is the beryllium dimer. In this case, Hartree-Fock fails to locate a potential energy minimum. 30͑a͒
Correlation energy is thus fundamental because dispersion effects are predominant in this van der Waals complex. Interestingly, QCISD method also fails to provide the correct bond length. As usual, QCISD gives intermediate values between Hartree-Fock and MP2 methodologies, 4͑b͒,24 because of the common MP2 overestimation of correlation effects. In this case, however, and due to a cancellation of errors, the MP2 bond length is closer to the experimental value than the QCISD bond length. Remarkably, DFT describes quite well the molecular structure of this dimer. It is not at all surprising that a molecule incorrectly described at the Hartree-Fock level becomes better represented by the DFT methodologies than by the post-Hartree-Fock methodologies. In fact, when Hartree-Fock fails, most methods based on the Hartree-Fock wave function as a reference can also be quite inappropriate, because the reference wave function is already incorrect, and in these cases the DFT formalism can be the most successful. 9 In all cases, the distance between VWN and BP86 densities is smaller than 2.0 a.u., except for F 2 , HOOH, FOOF, and cis and trans-FNNF molecules for which nonlocal corrections become significant as judged for the large distance between VWN and BP86 methods. The correct sign for small molecular dipole moments, like those of CO and NO molecules, is difficult to predict. It has been shown previously that DFT is successful in computing the proper dipole direction of these two molecules. 4͑b͒,6,30 From values of Table II , it is found the well-known result that in these two molecules Hartree-Fock yields the erroneous direction for the dipole moment. For the NO molecule, the MP2 method also fails to provide the correct sign to the dipole moment. Conversely, for the CO molecule, MP2 gives the correct direction but clearly exaggerates the dipole moment. In both systems, QCISD produces a value close to the experimental one, showing that this method provides a reliable density distribution for these two molecules. Interestingly, DFT methods produce dipole moments which are better than the MP2 ones, and in the case of the BP86 method they are even as good as those yield by the QCISD procedure.
As an attempt to classify the set of molecules under study depending on the effect of correlation corrections on their density distributions, a principal components analysis ͑PCA͒ 31 has been carried out. This is a well-known technique widely used in pattern recognition and multivariate analysis to reduce the dimensionality of a data set by transforming it into a sort of feature space which reveals the in-ternal data structure. In this case, the data matrix to correlate is taken as composed by the complete set of molecules ͑except the beryllium dimer which has not been included in the analysis because distances from Hartree-Fock to the rest of the methodologies are not available͒ each one described by a row vector, whose elements are the ten different euclidean distances of Table II between the different methodologies in a given molecule. It is found that, qualitatively, it is possible to separate the molecules studied in four main groups: In the first one, we can include molecules which are well described at the Hartree-Fock level, like H 2 , LiH, Li 2 , CH 4 , NH 3 , H 2 O, HF, and LiF; the second group contains molecules in which correlation starts to have a rather remarkable influence, like N 2 , CO, HCN, C 2 H 2 , NO, and CH 2 O; and finally, to the third group belong those molecules in which correlation energy is compulsory, like O 2 , F 2 , HOOH, cis and trans-FNNF. Finally, group four contains only the FOOF molecule, which must be considered separated from the rest. Not surprisingly, correlation energy becomes more important with the increase in the number of electrons of the molecule. Quantitative ordering of the studied molecules with respect to the H 2 molecule can be achieved from the multidimensional distance of the principal components space FIG. 2. Plots of 6-311ϩϩG** electron density differences comparing densities obtained from the Hartree-Fock methodology with those computed at the MP2, QCISD, VWN, and BP86 levels, for the N 2 molecule at its experimental geometry. The minimum contour is 1ϫ10 Ϫ4 a.u. and they increase to 2, 4, 8, 20, 40 In order to assess the viability of DFT toward the obtention of correct electron distributions, in Table III we have gathered the average distance between Hartree-Fock, VWN, BP86, MP2, and QCISD methods for the first three groups of molecules described above. Separating the molecules into three groups has the benefit that distances between two methodologies in each group are similar, and that large differences in the distance values for some molecules in a group does not mask the common trends followed by the other molecules.
For molecules well described at the Hartree-Fock level, it is found that BP86 and MP2 yield very similar density distributions, both being quite close to the QCISD electron density. On the other hand, the VWN method leads to less correct electronic distributions, although they are somewhat better than those obtained from the Hartree-Fock method. Of mention, for the other two groups, it is found that there is a large distance between Hartree-Fock and the rest of the methodologies. In the light of distances of Tables III͑b͒ and III͑c͒, it seems clear to us that in density distributions derived from DFT, correlation effects are included to some extent. Indeed for the second group the smaller average distance to QCISD densities corresponds to the DFT methods, although MP2 densities yield also a small average distance to FIG. 3 . Plots of 6-311ϩϩG** electron density differences comparing densities obtained from the Hartree-Fock methodology with those computed at the MP2, QCISD, VWN, and BP86 levels, for the CO molecule at its experimental geometry. In this map, the carbon atom is on the left. The minimum contour is 1ϫ10 Ϫ4 a.u. and they increase to 2, 4, 8, 20, 40 , 80, •••ϫ10 Ϫ4 a.u. Dashed lines correspond to negative values, that is, points where Hartree-Fock density is larger.
QCISD. The large distance from the BP86 to the QCISD method in the third group is mainly due to the contributions of the cis and trans-FNNF molecules.
B. Analysis of the LiF, N 2 , and CO molecules
To get more insight into the nature of differences in density distributions obtained from the different methodologies analyzed, we have performed a more accurate analysis of the LiF, N 2 , and CO electron densities. We have selected these molecules because, from a Bader's atoms-in-molecules analysis, 26 they exhibit different bonding nature: LiF, is a typical case of closed-shell ionic interaction; N 2 , is an appropriate example of a molecule with a shared interaction; and finally, CO is a well-known case of an intermediate interaction. Analyses of charge densities in these molecules can put forward the behaviour of the different methodologies in such quite different types of bonding. Table IV collects the euclidean distance matrices obtained for LiF, N 2 , and CO computed at the experimental geometry of these molecules for all levels of theory considered. Since in this case the geometry is kept fixed, it is possible to perform an analysis by means of density difference maps. Figures 1, 2 , and 3 show this kind of analysis for LiF, N 2 , and CO, respectively. The analysis performed here accounts only for the electronic relaxation, whereas the study carried out in the last section, using the optimized geometries, included electronic and nuclear relaxation.
For LiF, it is found that when taking into account only electronic relaxation ͓Table IV͑a͔͒ a large difference appears between Hartree-Fock and the VWN method. As expected, if both electronic and nuclear relaxation are allowed ͑Table II͒ all distances increase. The small difference between Hartree-Fock and correlated methods corresponds now to the VWN density, thus showing that conclusions derived from comparisons between density distributions at a fixed geometry can be quite different from those calculated at the optimized geometry. Using the experimental geometry, the minimum distance is obtained when comparing MP2 and BP86 methodologies, whereas at the optimized geometry the MP2 density is the density distribution closest to QCISD. In both cases, it is found that the VWN method is that having the larger distances to QCISD, MP2, and BP86 methods. Figure 1 depicts electron density difference contours, in a plane that contains the molecular axis, between VWN, BP86, MP2, and QCISD densities and the Hartree-Fock density, at the Hartree-Fock optimized geometry in all cases. The four maps are quite similar, corroborating again that DFT densities have the common features of ab initio correlated densities. The main effect of correlation in this molecule is to push the density out from the region of the fluorine nonshared electron pairs and to accumulate it in the bonding region and in the lithium atom. Clearly, the overall effect of correlation is a reduction in the ionicity of the bond, 4͑a͒ i.e., the Hartree-Fock overestimation of the ionic ͑closed-shell͒ character of the Li-F bond is reduced by correlated methods.
As far as N 2 is concerned, here too we find that when only electronic relaxation is allowed ͓Table IV͑b͔͒ the large difference in electron densities corresponds to the Hartree-Fock and VWN methods. Despite in all cases distances are quite small, it must be pointed out that VWN gives the large distance to any of the methods analyzed. The reason must be found in the well-known fact that the VWN electron density is too diffuse in the region near the nuclei. 4͑b͒,24 Interestingly, when the N-N bond length is relaxed, the method which yields larger distances to the other methodologies tested is the Hartree-Fock method. In this case, the VWN produces a density quite close to the QCISD density distribution, only improved by the BP86 methodology. Not only the density, but also the VWN bond length is the closest to the experimental value. On the other hand, despite the MP2 density being initially the nearest to QCISD, when nuclear relaxation is allowed, it becomes among the correlated densities the further away from QCISD. Again, we confirm that conclusions from density analyses at fixed geometry cannot be extrapolated to optimized systems. One can say that large density differences at a fixed geometry do not always imply large structural and density differences in the optimized structures. For this reason, an analysis of density differences at a fixed geometry may provide misleading conclusions.
Electron density difference maps, in a plane that contains the molecular axis, between VWN, BP86, MP2, and QCISD densities and the Hartree-Fock density for N 2 molecule are drawn in Fig. 2 . The electron density difference map between Hartree-Fock and VWN reveals the aforementioned VWN reduction in electron density near nuclei. The general picture of all four graphs are quite similar. When correlation is included, there is a decrease of electron density near nuclei, and also in the region of the nitrogen nonshared electron pairs, together with a further diminution in the center of the molecule. The density moves to shells around atomic nuclei. As above, the overall effect of correlation is to increase of the covalent features of the molecule. Interestingly, comparing VWN with the QCISD density difference contours one finds that VWN overestimates the covalent character of N 2 . In a.u.
